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THE WEIL BOUND AND NON-EXCEPTIONAL PERMUTATION
POLYNOMIALS OVER FINITE FIELDS
XIANG FAN
Abstract. A well-known result of von zur Gathen asserts that a non-exceptional permutation
polynomial of degree n over Fq exists only if q < n4. With the help of the Weil bound for the
number of Fq-points on an absolutely irreducible (possibly singular) affine plane curve, Chahal
and Ghorpade improved von zur Gathen’s proof to replace n4 by a bound less than n2(n−2)2.
Also based on the Weil bound, we further refine the upper bound for q with respect to n, by
a more concise and direct proof following Wan’s arguments.
1. Introduction
Let Fq denote the finite field of characteristic p containing q = p
r elements. A polynomial
f ∈ Fq[x] is called a permutation polynomial (PP) over Fq if the induced mapping a 7→ f(a)
permutes Fq. Dating back to Hermite [10] and Dickson [5] more than one hundred years ago, the
study of PPs have been a hot topic with interesting results occurring. However, the nontrivial
problem of determination or classification of PPs (of some prescribed forms) are still challenging
and interesting.
In 1897, Dickson [5] classified all (normalized) PPs of degree d over Fq with d 6 5 for all q, or
d = 6 for all odd q. (See also Shallue and Wanless [17] for a reconfirmation of the completeness
of Dickson’s classification. Note that the completeness for (d, q) = (6, 3r) is up to linear transfor-
mations.) A remarkable behavior in Dickson’s classification is that, except for a few “accidents”
over fields of low order, the PPs of a given degree are indeed exceptional polynomials. By an
exceptional polynomial over Fq we mean a PP over Fq which is also a PP over Fqm for infinitely
many positive integers m. This behavior holds generally for any degree, by the following result
of Wan [18]:
Proposition 1. [18, Theorem 2.4]. For every positive integer n, there exists a constant Cn,
depending only on n, such that all PPs of degree n over Fq with q > Cn are exceptional.
An earlier version of Proposition 1 assuming gcd(q, n) = 1 was proved in Hayes [9, Theorem
3.1]. A quantitative version was established by von zur Gathen [8, Theorem 1] with Cn replaced
by n4. Recently, Chahal and Ghorpade [3] followed the arguments of [8] but utilized a precise
version of the Weil bound for the number of Fq-points on an absolutely irreducible (possibly
singular) affine plane curve (the same as our quoted Lemma 2 with
⌊2√q⌋
2
replaced by
√
q), and
ameliorated the bound Cn to(
(n− 2)(n− 3) +
√
(n− 2)2(n− 3)2 + 2(n2 − 1)
2
)2
,
1
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which is smaller than n2(n − 2)2. Also based on the Weil bound, our Theorem 4 will refine the
bound Cn to (
(n− 2)(n− 3) +
√
(n− 2)2(n− 3)2 + 8n− 12
2
)2
,
which covers the main result of [3] by a more concise and direct proof following the arguments
of Wan [18, Theorem 2.4] (which is also similar to Lidl and Niederreiter [13, §7.29]).
2. Exceptional Polynomials
Our definition of exceptional polynomials is slightly different from what was used in [4, 13,
18, 8, 3] and many other references. Note that for f ∈ Fq[x], there exists a unique bivariate
polynomial f∗(x, y) in Fq[x, y] (the ring of polynomials in two indeterminates x and y with
coefficients in Fq) such that
f(x) − f(y) = (x− y)f∗(x, y) in Fq[x, y].
They called f an exceptional polynomial over Fq if the corresponding f
∗(x, y) has no absolutely
irreducible (i.e. irreducible over an algebraic closure of Fq) factor in Fq[x, y]. In other words,
their definition means that each irreducible factor g(x, y) ∈ Fq[x, y] of f∗(x, y) is reducible in
Fqk [x, y] for some integer k > 1.
The difference between these two definitions can be clarified as follows in our language. Recall
that p is the characteristic of Fq. Let f
′ denote the formal derivative of a polynomial f ∈ Fq[x].
Note that f ′ = 0 if and only if f(x) = g(x)p for some g ∈ Fq[x]. For a non-constant polynomial
f ∈ Fq[x], repeating this process if necessary, we can write f(x) = f◦(x)pt for an integer t > 0
and f◦ ∈ Fq[x] with f ′◦ 6= 0. Clearly for any Fqm , f is a PP over Fqm if and only if f◦ is a PP
over Fqm . Indeed, the following three statements are equivalent for any non-constant f ∈ Fq[x]:
(1) f is an exceptional polynomial over Fq;
(2) f◦ is an exceptional polynomial over Fq;
(3) f∗◦ (x, y) has no absolutely irreducible factor in Fq[x, y].
(4) Every absolutely irreducible factor of f(x)− f(y) in Fq[x, y] is a constant times x− y.
Here (1)⇔ (2) by our definition, (2)⇔ (3) by Cohen [4, Theorem 4, 5] provided f ′◦ 6= 0, and
(3)⇔ (4) by
(x− y)f∗(x, y) = f◦(x)p
t − f◦(y)p
t
= (f◦(x)− f◦(y))p
t
= (x − y)ptf∗◦ (x, y)p
t
.
3. The Weil Bound
Andre´ Weil [19] provided a bound for the Fq-points of smooth projective curves defined over
Fq. Leep and Yeomans [11], Aubry and Perret [1], and Bach [2] established similar bounds
for singular curves. For our use, the following Lemma 2 available by [11, Corollary 2.b] gives
a precise version of the Weil bound for the number of Fq-points on an absolutely irreducible
(possibly singular) affine plane curve over Fq.
Let |S| stand for the cardinality of a set S, and ⌊t⌋ for the greatest integer 6 t ∈ R. For a
bivariate polynomial ϕ(x, y) ∈ Fq[x, y], write the set of its zeros over Fq as
Zq(ϕ) = {(a, b) ∈ Fq × Fq : ϕ(a, b) = 0}.
By definition, f ∈ Fq[x] is a PP over Fq if and only if Zq(f∗) ⊆ {(a, a) : a ∈ Fq}.
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Lemma 2. [11, Corollary 2.b] If ϕ(x, y) ∈ Fq[x, y] is an absolutely irreducible bivariate polyno-
mial of degree d > 1, then
q + 1− (d− 1)(d− 2)⌊2
√
q⌋
2
− d 6 |Zq(ϕ)| 6 q + 1+ (d− 1)(d− 2)
⌊2√q⌋
2
.
Corollary 3. Let ϕ(x, y) ∈ Fq[x, y] be an absolutely irreducible bivariate polynomial of degree
d > 1, such that ϕ(x, x) 6= 0 in Fq[x] and Zq(ϕ) ⊆ {(a, a) : a ∈ Fq}. Then
q + 1 6 (d− 1)(d− 2)⌊2
√
q⌋
2
+ 2d,
and in particular,
√
q 6
(d− 1)(d− 2) +
√
(d− 1)2(d− 2)2 + 8d− 4
2
.
Proof. Clearly, Zq(ϕ) ⊆ {(a, a) : ϕ(a, a) = 0, a ∈ Fq}. As ϕ(x, x) 6= 0 in Fq[x], and 0 6
deg(ϕ(x, x)) 6 deg(ϕ(x, y)) = d, we have
|Zq(ϕ)| 6 |{a ∈ Fq : ϕ(a, a) = 0}| 6 deg(ϕ(x, x)) 6 d.
By Lemma 2 for absolutely irreducible ϕ(x, y),
q + 1− (d− 1)(d− 2)⌊2
√
q⌋
2
− d 6 |Zq(ϕ)| 6 d.
Replacing
⌊2√q⌋
2
by
√
q, we can deduce the latter inequality. 
Remark. Corollary 3 and its proof are quite similar to Hayes [9, Theorem 2.1], which only used
Lang-Weil inequality and gained an abstract bound for q. Also, Aubry and Perret [1, Lemma 3.2]
seemed to give the same bound on q as Corollary 3 by the same arguments, but unfortunately
miscalculated
√
(d− 1)2(d− 2)2 + 8d− 4 as
√
(d− 1)(d− 2) + 8d− 4 = √d2 + 5d− 2.
4. The Main Result
Theorem 4. If there exists a non-exceptional PP f of degree n over Fq, then
q + 1 6 (n− 2)(n− 3)⌊2
√
q⌋
2
+ 2(n− 1),
and in particular q 6

(
(n− 2)(n− 3) +
√
(n− 2)2(n− 3)2 + 8n− 12
2
)2.
Proof. Write f(x) = f◦(x)p
t
with an integer t > 0 and f◦ ∈ Fq[x] with nonzero f ′◦. Then f◦ is
also a non-exceptional PP over Fq, and f
∗
◦ (x, y) has an absolutely irreducible factor in Fq[x, y]
denoted by ϕ(x, y). As f∗◦ (x, x) = f
′
◦(x) is nonzero, its factor ϕ(x, x) is also nonzero. For the
PP f◦ over Fq, clearly
Zq(ϕ) ⊆ Zq(f∗◦ ) ⊆ {(a, a) : a ∈ Fq}.
Let d = deg(ϕ(x, y)) 6 deg(f∗◦ (x, y)) = deg(f◦)− 1 6 n− 1. Note that all PPs of degree 6 3 are
exceptional (cf. Dickson’s classification [5]), so n > 4. By Corollary 3,
q + 1 6 (d− 1)(d− 2)⌊2
√
q⌋
2
+ 2d 6 (n− 2)(n− 3)⌊2
√
q⌋
2
+ 2(n− 1).
In particular, q + 1 6 (n− 2)(n− 3)√q + 2(n− 1), which implies the latter inequality. 
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Remark. This proof totally follows the arguments of Wan [18, Theorem 2.4], which is also similar
to Lidl and Niederreiter [13, §7.29]. Our only improvement is replacing the abstract bound that
they used (indeed [9, Theorem 2.1] or [13, §7.28]) by the explicit bound or inequality in Corollary
3.
Corollary 5. If there exists a non-exceptional PP of degree 7 over Fq, then q 6 409.
Proof. By Theorem 4, q 6
⌊(
20+
√
202+8·7−12
2
)2⌋
= 421, and q + 1 6 10⌊2√q⌋ + 12, which does
not hold for q ∈ {421, 419}. The greatest prime power below 419 is 409. 
All exceptional polynomials of degree 7 over Fq have been classified by Mu¨ller [16] and Fried,
Guralnick, Saxl [7]. Moreover, Li, Chandler and Xiang [12] obtained the classification of all PPs
of degree 6 and 7 over F2t for any t > 3. Therefore, to classify all PPs of degree 7 over Fq, it
suffices to consider the odd prime powers q with 7 < q 6 409. We have done this with the help
of the SageMath software running on a personal computer, and written down all PPs of degree 7
up to linear transformations in our preprint [6]. In particular, [6] shows that a non-exceptional
PP of degree 7 over Fq (with q > 7) exists if and only if
q ∈ {9, 11, 13, 17, 19, 23, 25, 27, 31, 49}.
In particular, given a root e of x2 + 6x+ 3 in F72 , x
7 + ex5 + e18x3 + e35x is a non-exceptional
PP over F72 . Therefore, for n = 7, the sharp bound C7 in Proposition 1 is 7
2.
A natural question asks for the sharp bound Cn for n > 7. Note that n
2 is not a general answer
by the non-exceptional PP f(x) = x10 + 3x over F73 from Masuda and Zieve [14]. However, it
would be interesting to know whether Cn can be replaced by some quadratic in n, in the spirit
of Mullen [15, Conjecture 2.5].
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